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Approximation by Zygmund means in
variable exponent Lebesque spaces

SADULLA Z. JAFAROV

ABSTRACT. In the present work we investigate the approximation of the
functions by the Zygmund means in variable exponent Lebesgue spaces.
Here the estimate which is obtained depends on sequence of the best
approximation in Lebesgue spaces with variable exponent. Also, these
results were applied to estimates of approximations of Zygmund sums
in Smirnov classes with variable exponent defined on simply connected
domains of the complex plane.

1. INTRODUCTION AND THE MAIN RESULTS

Let T denote the interval [—7, 7]. Let us denote by p the class of Lebesgue
measurable functions p : T — (1,00) such that 1 < p, := ess 1irnfp(fv) <
ze

*

p* = esssup p(z) < oo. The conjugate exponent of p(x) is shown by p'(z) :=
xe

%. For p € p, we define a class LP()(T) of 2 periodic measurable

functions f: T — R satisfying the condition

/|f(x)|P<ff> dz < oo.
T

This class Lp(')('IF) is a Banach space with respect to the norm

p(z)
1oy = if{ A> 0 / ‘fy dr < 1),
T

We say that the variable exponent p(x) satisfies local log- continuity condi-
tion, if there is a positive constant ¢ such that

(1) [p@) =0 12 =

forall z,y €T, [z —y| < 3.

2010 Mathematics Subject Classification. Primary: 30E10; Secondary: 41A10.

Key words and phrases. Lebesgue spaces with variable exponent, best approximation
by trigonometric polynomials, Zygmund means, modulus of smoothness.

Full paper. Received 20 September 2018, revised 18 January 2019, accepted 26 Febru-
ary 2019, available online 17 April 2019.

27 (©2019 Mathematica Moravica



28 APPROXIMATION IN VARIABLE EXPONENT LEBESGUE SPACES

A function p € g is said to belong to the class ©'°8, if the condition

(1) is satisfied. The spaces LP()(T) are called generalized Lebesgue spaces
with variable exponent. It is know that for p(z) := p (0 < p < ), the
space LP)(T) coincides with the Lebesgue space LP(T). For the first time
Lebesgue spaces with variable exponent were introduced by Orlicz [26]. Note
that the generalized Lebesgue spaces with variable exponent are used in the
theory of elasticity, in mechanics, especially in fluid dynamics for the mod-
elling of electrorheological fluids, in the theory of diferential operators, and
in variational calculus [4], [6], [7] and [28]. Detailed information about prop-
erties of the Lebesque spaces with variable exponent can be found in [8], [24]
and [31]. Note that, some of the fundamental problems of the approximation
theory in the generalized Lebesgue spaces with variable exponent of periodic
and non-periodic functions were studied and solved by Sharapudinov [32]-
[35].
Let

(2) % + ZAk(a:,f), Ag(z, f) = ag(f) cos kx + bi(f) sin kz

be the Fourier series of the function f € L;i(T), where ay(f) and bi(f) are
Fourier coefficients of the function f . The n — th partial sums, Zygmund
means of order k (k € N) of the series (2) are defined, respectively as [12],
[36]:

&Mﬁ==%+2&@ﬁ

Zni(z, f) = 2°+Z< )> S f), k=1,2,..., n=1,2, ...

It is clear that
ag
2°

For f € LPC)(T) we define the Steklov operator by

So(x, f) = Zoy(z, f) =

1a:+h 1 h
=h!fw !fu+x

and the k& — th—modulus of smoothness Qx(f,-,),) (k=1,2,...) by

0 >0,
Lp(<)(’]1‘)

Q(f,0)p) = . Sﬁpq
1<z<k

k
[T7=s) ()
=1
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where [ is the identity operator. Note that the k—th— modulus of continuity
Qi(f, -)p(.) is a nondecreasing, nonnegative, continuous function and

UmQu(f,-)p) = 0, Ql(f +9:)p0) < Dl D) + Ll(9: )

for f,g € LPO(T).
Let G be a finite domain in the complex plane C, bounded by a rectifiable
Jordan curve I'; and let G~ := extI". We denote

T":={weC:|lw =1}, D:=intT" , D™ = ext T".
Let w = ¢(z) be the conformal mapping of G~ onto D™ normalized by

p(00) =00, lim #(z)

z—00  Z

>0

and let v denote the inverse of .
For any measurable bounded exponent p(z) > 1 we denote by LP() (T)
the set of functions f, such that

[17@Pdz] < o0
r

and

p(2)

f(Z) |dz\§1

(07

[f1lLee)(py = inf g a>0: /
r
We denote by K segment [0, 27| or Jordan rectifiable curve in the com-
plex plane C. We suppose that Lebesgue measurable function p(.) : K —
[0, 00) satisfies the following conditions:

(3) 1 < py:=-ess infp(z) < p* := ess supp(z) < oo.
zeK zeK

If p(.) satisfies the conditions (3) and

m@n—p@ﬂ<l%‘;ly

|z1—22]

we say that p(.) € ®1°8 (K) ,where |K| is the Lebesgue measure of K. A
function p belong to the class @2 (K) if p(.) € B8 (K) with p, > 1 [18].
We define also the variable exponent Smirnov class E, ) (G) as

By) (G) = {f € B (G): fe PO (1)}

For f € L) (T) with p € ¢'°8 we define the function

fot) = f (), t € T,
po(t) = p(e(t)).
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Let h be a continuous function on [0,27]. Its modulus of continuity is
defined by

w (t, h) = Sup{|h (tl) —h (t2)| . tl,tz S [O, 271‘] 5 |t1 — t2| < t} ,t > 0.
The curve I is called Dini-smooth if it has a parameterization
I':ep(s), 0<s<2m,

such that ¢f(s) is Dini-continuous, i.e.

and ¢, (s) #0 [27, p. 48].

If T is a Dini-smooth curve, then there exist [38] the constants ca, c3, ¢4
and c5 such that
()

0<c < ‘w’(t)‘ <ecg<oo, |t >1.0< ¢ < ‘gp’(z)‘ <5 < oo, |t] > 1.

a.e. on T* and on I', respectively. Note that if I' is a Dini-smooth curve,
then by (4) we have fo € LPO) (T*) for f € LPO) (T). Tt is known that [15],
if T" is a Dini-smooth curve, then pg € ®'°8(T) if and only if p € ®°8(T").

Let I be a rectifiable Jordan curve and f € L!(T"). Then the functions f*
and f~ defined by T,

by L[ FQ e L )
6) <>2m.F/<_ch 2m.T/1/}(w)_zfo< )dw, 2€G

and

e L[ L ) o
! (Z)_QWiF/C—ZdC_QWiT/lfJ(w)—ZfO( Jdw, z € G,

are analytic in G and G~ respectively, and f~(oco) = 0. Thus the limit

SN =tmy [ 16 4

e—0 271 C -z
N{¢: [C—2|>¢}
exists and is finite for almost all z € T'.

The quantity Sp(f)(z) is called the Cauchy singular integral of f at
zel.

According to the Privalov’s theorem [9, p. 431] if one of the functions
f* or f~ has the non-tangential limits a.e. on I, then Sp(f)(z) exists
a.e. on I' and also the other one has the non-tangential limits a.e. on T.
Conversely, if Sp(f)(z) exists a. e. on I, then the functions f(z) and f~(z)
have non-tangential limits a.e. on I'. In both cases, the formulae

F¥(2) = 50(£)() + 37(), F(2) = Sr()(=) — 5(2)
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and hence
f=rr=r
holds a.e. on I.
Let ¢i(z), k = 0,1,2,... be the Faber polynomials for G. The Faber
polynomials g (2), associated with GUT, are defined through the expansion

Pt = (2)

— = teD
(6) U (D) — = tk+1’Z€G’ €
and the equalities
1 thy’ (1)
= — ——dt Gr, R>1
ez = o ) —z " PR
[t|=R
1 "(s)
_ k 4 —
e = g [Fs ze6
r

hold [30, p. 33-48].
Let f € Ey (G). Since f € By (G) ,we have

RN (O S (LG A O]
JC(Z)_Qm'F p QWiT/ o —=z

for every z € G. Considering this formula and expansion (6), we can associate
with f the formal series

(7) F(2)~ Y el (2)
k=0
where
_ L [ (@)
Ck(f) = o tk+1 dt.

T
The series (7) is called the Faber series expansion of f, and the coefficients
ck(f) are said to be the Faber coefficients of f.
The Zygmund sums of the series (6) is defined as
n k

Zn,k(zaf) :Z(l - -

———)ck(f)er(2).
e (n+1)
Let P := {all polynomials (with no restriction on the degree)}, and let P(D)
be the set of traces of members of P on D. We define the operator

T: P(]D) — Ep() (G)

as

T(P)(2) = % de, sea.

T
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Then using (6) we have

T (Z akwk> = Zaktpk@%
k=0 k=0

where ¢p(2), k € N, are the Faber polynomials of G. Use of (5) and (6)
gives us Faber series representation

12 =D a(hee(2),
k=0

where

)= L [t
T

ke N.

We shall use the ¢, ¢q,co,... to denote constants (in general, different in
different relations) depending only on quantities that are not important for
the questions of interest.

We denote by E,,(f),(.) the best approximation of f € LP0)(T) by trigono-
metric polynomials of degree not exceeding n, i.e.,

En(f)poy =mf{]| f =T HLp(,)(T): T € 11},

where II,, denotes the class of trigonometric polynomials of degree at most
n.

Note that the properties of Lebesgue spaces with variable exponents have
been investigated intensively by many authors (see, for example, [4]-[8], [24]
and [31]).

The approximation problems in non-weighted and weighted Lebesgue
spaces with variable exponents were studied in [1], [2], [11], [15]-[19], [22],
[32]-[35] and [37].

In this study we investigate the approximation of the functions by Zyg-
mund means in variable exponent Lebesgue spaces. Note that estimates in
this study are obtained in terms of the best approximation E,( f)p(_) and
modulus of smoothness. These results were applied to estimates of approxi-
mations of Zygmund sums in Smirnov classes with variable exponent defined
on simply connected domains of the complex plane. Similar problems of the
approximation theory in the different spaces have been studied by several
authors (see, for example, [3|, [10], [12]-[14], [20]-[23], [25], [29], [36] and
[39]).

Note that for the proof of the new results obtained in the variable exponent
Lebesgue spaces we apply the method developed in [10], [13]| and [15].

Our main results are the following.
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Theorem 1.1. Let f € LP(T), r € Z,, k€ N and let the series

[e.e]

D KT Bia(f),

k=1
converges. Then f is equivalent (equal almost everywhere) to a 2m— periodic
absolutely continuous function 1p € AC (T) and the inequality

#0220 (7))

< gk, ) ( S VT E, () 0 Y T R, () ) neN

Lr()(T)

v=n+1 v=1
holds.
Theorem 1.2. Let f € LPO)(T), k € N. Then the estimate
1
) a(15) <ol = ZulDlom
"/ )

holds, where | = {k,k — oven, k+ 1,k — odd} .

Theorem 1.3. Let T' be Dini -smooth curve and p(.) € L% (T'). Then for
f € EPO(Q) the following estimate holds:

||f - Zn,k ('7 f)||Lp(~)(1")

c (p) n 1/~
8 r—1
= n’ {Zo 22 (f)Gﬂp(.)}

where v = min {2, p, }.

The proof of the main results we need the following results.
Let f € EPO)(D). Applying Corollary 1 in the work [23] for the boundary
values of f € EP()(D) we have:

Lemma 1.1. Let p(.) € CI%Og (T) and f € EPO(D). Then the estimate
Hf — Znk (', f)HLpU(T)

@) [ 1”
9 r—1 o
< nr{z_;)U7 EVl(f)D,p(.)} n—1,2,...,

holds, where v = min {2, p, }.

Lemma 1.2. Let T be a Dini- smooth curve and p(.) € @éog (T). If f €
EPO(Q), then

En (£6 )b, poy < €10En(Fap() < et1Bn(fo )ppo()

with some positive constants c1g and c11 independent of n.
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2. PROOFS OF THEOREMS

Proof of Theorem 1.1. According to [37, Theorem 6| f is equivalent (equal
almost everywhere ) to a 2wr—periodic absolutely continuous function ¢ €
AC (T) and the following inequality holds:

(9) En(w(r))p(.) <2 ((n—i- 1)"E Z K EL(f )>
k=n+1
On the other hand the inequality
(10) 19 = Zngo (@)l oty < c1sn™ D vF T EL 1 (9)n(
v=1

holds [23]. Using (9) and (10) we get
Hw(m - Zn,k(w“))]

p(.) (T)

cun™ > VB, ()0,

v=1

015nik Z I/kJrrflEV_l (f)p()

v=1

+eign kZVk 1 Z W B (Fa)

p=v+1

+epn” kzyk 1 Z Mr 1EM 1 )()

pu=n+1

n
c1gn”" Z VB, () + con ™" Z W B (o) DV
v=1

v=1 pn=1

IN

IN

IN

+co0 Z ,U/TilEu—l(f)p(.)

p=n+1
S (Z VT 1EI/ 1 kzyk+r lE—l )())
v=n-+1
which completes the proof of Theorem 1.1. U

Proof of Theorem 1.2. Let T,,(f,z) be a trigonometric polynomial of best

approximation to f in LPO(T). It is known that the following identity
holds:

Tn(fﬂ'r)_Zn,k TTL( ) )
)—ka(f,l')—FT(f, ) f(l’)
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(11) +Zn 1 (f = Tu(f), 2).
Considering [33] we obtain
(12) 1206 (Fs M ppor oy < 22 [l oo ry -

Consideration of (11) and (12) gives us
T (f,2) = Zn g (T(f), x)HLp(-)(']r)

< W = Zuk (Dl ooy ooy + 1Ta(f) = Fll ooy
AN Zn i (f = TalD N pocr ()
< W = Zuk (Dl oo ry + c23En(f)p(,)
(13) < e llf = Znk (Dl ooy -

If k—is an even number the following relation holds:

(14)  Tulf2) = Zux (Talf)2) = (1) (n+ ) TP (£ ).
Then using (13),(14) and [37, Corollary 2| we get

1
o (f7 n) ()

= (1= T+ T, 1)%)

n

IN

n

c25 % (f = Tn(f))p() + c262 (Tn(f)v 1) 0
(.

IN

M (f)

o7 [[f = Ta(F)llp) + cosn " ‘ Lr()(T)

cs1En(f)p() + es21f = Zng (Nl pocr oy
es3 |f = Zng (Dl pocr 7y -

IN N IA

(15)

Let ﬁ(k)(f,x) be a trigonometric conjugate of T* D (f, z). If k is a odd
number the relation
k43 ke (k)
(16)  Tu(f,2) = Zng (Tu(f),2) = (=1) > (n+1) " T "(f,2).
holds. Also, according to [37] we obtain

(17) |ro(s.0)| < eaan | T ()

LrO)(T)

Lp(<)(’]I‘) '
Use of (16), (17) gives us

1
Qk—‘rl <f7n> 0
(.
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= O (=TT )
p(-)

< o35 (f — Tnlf) ) + 36841 (Tn(f)7 1> 0
(.

n

< esrllf = Ta(H)llpy + cggn” 5 ’ Tékﬂ)(f)‘ LoO(T)

ke ||k
< e39Bn(f)p() + caom™” ‘ T )(f)
Lp(»)(?l‘)

< C41En(f)p(.) + C42 HTn(f) - Zn,k (Tn(f))HLp(&(’]I‘)

< C41En(f)p(.) + ca3 Hf - Zn,k’ (f)HLP(»)(’I[‘)
(18) < cu ||f - Zn,k (f)||LP(<)(’]I‘) .
From (15) and (18) we obtain inequality (8). Thus, the proof of Theorem
1.2 is completed. O

Proof of Theorem 1.3. Let f € EPO(G). The function f has the Faber

F(2) ~ ) el f)er(z)
k=0

Then by [18, Lemma 1] fi € EP()(D) and for the function f; the Taylor
expansion

T~ et we U
k=0

holds. According to [5, p. 38, Theorem 3.4] boundary function f5 €
LP0C)(T) has the Fourier expansion

fo (@) ~ Y en(f)e™.
k=0
Using the boundedness of the operators T : EPO)(D) — EPO(G) , T—! :
EPO(G) — EP()(D) [18], Lemma 1.1 and 1.2 we obtain

1f = Znae G Pl oo

= HT (f(;r) -7 (Znyk ('>f(;r))HLp<»>(r)

< Hf(;i_ — Znk ("fa_)||Lpo(»)('ﬂ‘)
i) [ "
45 r—1

S nr {VZ:O I/’Y Ey—l (f(;‘r)]n)7 p()}

<

cu6 (p) - "
46 -1 E r=t
—— T {V:o B () pO(')}



SADULLA Z. JAFAROV 37

c (p) n 1/~
47 —1 +
< o 2 T B (e )
v=0
which completes the proof of theorem 1.3. O
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